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The strictly classical propagation of an initial Wigner function, referred to as TWA or LSC-
IVR, is considered to provide approximate averages, despite not being a true Wigner function: it
does not represent a positive operator. We here show that its symplectic Fourier transform, the
truncated chord approximation (TCA), coincides with the full semiclassical approximation to the
evolved quantum characteristic function (or chord function) in a narrow neighbourhood of the origin
of the dual chord phase space. Surprisingly, this small region accounts for purely quantum features,
such as blind spots and local wave function correlations, as well as the expectation of observables
with a close classical correspondence. Direct numerical comparison of the TCA with exact quantum
results verifies the semiclassical predictions for an initial coherent state evolving under the Kerr
Hamiltonian.
I. INTRODUCTION
Classical molecular dynamics remains a widely used
method to describe complex molecular systems, in spite
of their fundamental quantum identity [1, 2]. The justi-
fication of such a radical approximation is that the Weyl
representation treats observables as ordinary real func-
tions in phase space and their expectation is also eval-
uated classically: it is reduced to an integral with the
Wigner function [3]. The latter is a full quantum repre-
sentation of the density operator, but e.g. for a coherent
state, it is merely a Gaussian in phase space. By identify-
ing this with an initial Liouville probability distribution
in phase space and then propagating it classically, one
generates some kind of approximation to the quantum
evolved Wigner function.
The ease with which one can employ this truncated
Wigner approximation (TWA) [4], which is also denoted
LSC-IVR (linearized approximation to the semiclassical
initial value representation) in some contexts [1, 2], af-
fords no clue to its true status. Even though the full
Moyal equation of motion for the Wigner function has
the classical Liouville equation as its first term in a for-
mal expansion in powers of Planck’s constant, ~, it is
the remainder that produces all the interfering oscilla-
tions that proliferate and eventually mask the classically
evolved Gaussian. In practice, there are applications
where the TWA is experimentally verified to be effective
[1]. On the other hand, it has been proved that the op-
erator, with the Weyl representation that coincides with
the classically evolved Liouville distribution, is not posi-
tive; in other words, it is not legitimate to interpret it as
a Wigner function, not even for a mixed state [5, 6]. In
some ways, the TWA is more akin to one of those hybrid
creatures in ancient Greek mythology than an objective
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scientific concept.
A close analogy can be made to the ergodic Wigner
function of the Berry-Voros conjecture [7, 8]. This clas-
sical microcanonical density, a Dirac δ-function on the
energy shell, was proposed as some sort of approxima-
tion to the full Wigner function for the eigenstate of a
classically chaotic system. Notwithstanding the proof
that again the operator represented by this approxima-
tion is not positive [9, 10], it not only supplies satisfactory
expectations of simple observables, but it even provides
purely quantum information about the eigenstate. In-
deed, local wave-function correlations can be evaluated
[8], as well as the closest blind spots, that is, the minimal
dislocations of the state which render it exactly orthog-
onal to itself [11, 12].
In the case of the ergodic Wigner function, clarification
follows from the reinterpretation of its symplectic Fourier
transform (SFT). Given a classical probability distribu-
tion, this characteristic function encapsules very useful
information, such as all the moments of the distribution
through mere differentiation, but it plays a subordinate
role. In contrast, within quantum mechanics the SFT of
a Wigner function, the quantum characteristic function
or simply the chord function, rivals the Wigner function
itself as a representation of the density operator, along
with the chord representation of arbitrary operators; ex-
pectations and correlations are evaluated as integrals in
the Fourier variables: the dual chord phase space.
It is through the SFT of the ergodic Wigner function
that one unravels its paradoxical features: it coincides
with the true chord function only near the origin, but
this small region of chord space does contain quantum
information which is masked within the Wigner function
itself. Since no claim needs to be made about the accu-
racy of the SFT in the outlying regions of chord space,
it makes no sense to censure this local ergodic approxi-
mation for its inability to guarantee positivity of some
operator, which would be portrayed by the chord func-
tion as a whole.
The objective of the present paper is to show that
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2an analogous result holds for the classical evolution of
a coherent state, the TWA: its SFT, the truncated chord
function (TCA), coincides with the full quantum evolu-
tion of the initial chord function near the origin of the
chord phase space, even though the operator that is so
represented cannot be positive.
The basic definitions of the Wigner-Weyl representa-
tion are reviewed in the following section, together with
the semiclassical (SC) approximation to the evolution of
the Wigner function, which replaces the Moyal expansion
by a propagator. The crucial point is that such propa-
gator depends generally on pairs of trajectories and it is
only where the appropriate pair remains close together
throughout the time interval that they can be approxi-
mated by a single trajectory.
The rash assumption that this closeness holds for all
pairs of trajectories then furnishes the TWA in section
III. In contrast, this same condition can be satisfied se-
lectively within the chord representation: it is here de-
duced from the full SC approximation that the SFT of
the TWA, that is, the TCA is valid close to the chord
origin, no matter how widely off the mark it can be in
outlying regions of this dual phase space.
The numerical computation of features, which depend
solely on the central region of the chord function, were
performed for the evolution of an initial coherent state
generated by the quartic Kerr Hamiltonian presented in
section IV. This choice allows for complete control, in
spite of being a nonlinear classical system, heavy laden
with caustics in any semiclassical approximation [13]. Fo-
cus is first placed on the evolution of blind spots, that is,
those displacements of a state which render it orthog-
onal to itself. These are computed directly from the
chord function in section V. In section VI it is shown that
the expectation of observables, corresponding to smooth
functions in phase space, also depends only on the cen-
tral region of the chord function. We then compare the
classical approximation of the moments of position, 〈qˆn〉,
and momentum, 〈pˆn〉, to their exact quantum evolution
for the Kerr system. Another family of properties, the
local wave function correlations [8], were shown in [14]
to depend only on the central region of the chord func-
tion. In section VII we verify this feature for the Kerr
evolution of an initial coherent state. Our conclusions
are summarized in section VIII.
II. DEFINITIONS AND SEMICLASSICAL
REVIEW
An evolving quantum state |ψ(t)〉 is represented in
phase space x = (p, q), the momentum and the position
coordinates respectively, by the time dependent Wigner
function [3]:
W (x, t) =
∫
dq˜
pi~
〈q − q˜/2|ψ(t)〉 〈ψ(t)|q + q˜/2〉 eiq˜p/~. (1)
Here we consider the simple case of a single degree of
freedom, but all the formulae can be generalized forN de-
grees of freedom, such that x = (p1, . . . , pN , q1, . . . , qN ).
The SFT of the Wigner function is a function in the
dual phase space of chords ξ = (ξp, ξq),
χ(ξ, t) =
∫
dx
2pi~
exp
[
− i
~
x · Jξ
]
W (x, t) , (2)
where
J =
(
0 −1
1 0
)
(3)
is the standard symplectic matrix. This would be just the
characteristic function, if W (x, t), which is real but can
be negative, were a classical probability density. Thus,
χ(ξ, t) is referred to as the chord function. An alternative
construction,
χ(ξ, t) =
∫
dq˜
2pi~
〈q˜ + ξq/2|ψ(t)〉 〈ψ(t)|q˜ − ξq/2〉 e−iq˜ξp/~ ,
(4)
emphasises the full equivalence of this complex represen-
tation to the Wigner function.
The wave-function for a coherent state |α〉, with α =
(αq + iαp)/
√
2~, is
〈q|α〉 =
(
1
pi~
) 1
4
exp
[
− 1
2~
(q − αq)2 + iαp~
(
q − αq
2
)]
,
(5)
where one identifies the expectations 〈qˆ〉 = αq and
〈pˆ〉 = αp. Its Wigner function is the phase space Gaus-
sian centred on α,
Wα(x) =
1
pi~
e−(x−α)
2/~ , (6)
where the real vector α = (αp, αq). In contrast, the
corresponding chord function expresses the location of
the coherent state through its phase,
χα(ξ) =
1
2pi~
e−iα·Jξ/~e−ξ
2/4~ , (7)
so that it is always concentrated on the origin, whatever
the displacement, α, of the coherent state.
An arbitrary Hamiltonian, Hˆ, evolves the coherent
state according to
|α〉t = Uˆt |α〉 = e−itHˆ/~ |α〉 . (8)
The semiclassical approximation for its time evolved
Wigner function, which was tested in [13], depends on
pairs of trajectories with initial values η± and final values
η′± as depicted in Fig. 1. The initial center and chord are
given by x = (η+ + η−)/2 and ξ = η+− η−, respectively;
the evolved center and chord, x′ and ξ′, are defined ac-
cordingly from η′±. Then, the semiclassical evolution of
the Wigner function employed in [13], following [15], is
W (x′, t) ≈
∫
dξ′p dξ
′
q
2pi~
∣∣∣∣det dξdξ′
∣∣∣∣ 12
exp
[
i
~
(
S(η′±, η±) + x · Jξ
)]
χ(ξ) , (9)
3Figure 1: A final chord ξ′, with centre x′, is evolved
backwards to form an initial chord ξ(ξ′,x′, t), centered at
x(ξ′,x′, t). By considering the endpoints of ξ′ and ξ, such
evolution is described by the circuit η′− 7→ η− 7→ η+ 7→ η′+.
The first and last propagations are performed along classical
trajectories (dashed lines), while the middle one is a reflection
around x, given by η+ = 2x − η−. The colored areas R and
R′ represent the Wigner function at initial and final times,
respectively.
where the initial chord ξ, and the initial centre x, are con-
sidered as dependent vectors on x′, the argument of the
evolved Wigner function, and the integration variables ξ′.
Together they determine the endpoints, η′±, which evolve
backward to the initial points of the forward evolution,
η±. The nonlinear action in the propagation kernel is
S(η′±, η±) = t
[
H(η+)−H(η−)
]− ∮
C(η′±,η±)
p dq . (10)
Here, C(η′±, η±) is the closed contour given by η′− 7→
η− 7→ η′+ 7→ η′−, detailed in Fig. 1. We have here omitted
any extra phase due to the Maslov index [16–18], since
its contribution can be neglected within a narrow region
of the origin in the dual chord phase space and the short
evolving times contemplated here.
III. TWA AND THE LOCAL CLASSICAL
APPROXIMATION FOR THE CHORD
FUNCTION
No loss is incurred by the chord function for a coher-
ent state (7) by restricting its argument to small chords,
but the final chords ξ′ may achieve classical dimensions
in a finite time. Even so, sufficiently small initial chords
do remain small for any given time and for these it is
legitimate to approximate the nonlinear action (10) as
S(η′±, η±) ≈ 0. Furthermore, in this limit, the Jacobian
in (9) reduces to the stability (or monodromy) matrix for
the classical motion, which has unit determinant. The ex-
tension of both these approximations to all values of the
final chord ξ′, over which one integrates in (9), then pro-
duces the inverse SFT to (2), that is, the evolved Wigner
function is reduced to
Wα(x
′, t) ≈
∫
dξp dξq
2pi~
exp
[
i
~
(
x(x′,−t) · Jξ)]χ(ξ)
= Wα
(
x(x′,−t)) , (11)
which is just the TWA.
The radical extrapolations that lead to the TWA are
not required within the analogous SC approximation for
the evolved chord function,
χ(ξ′, t) ≈
∫
dp′ dq′
2pi~
∣∣∣∣det dxdx′
∣∣∣∣ 12
exp
[
− i
~
(
S(η′±, η±) + x
′ · Jξ′))]W (x) , (12)
which is also presented in [15]. One should note that
the pair of trajectories, which determine the nonlinear
action (10), is here defined by a fixed final chord, ξ′,
while we integrate over their final centre, x′; in contrast,
it is this centre which is kept fixed in the construction of
the appropriate nonlinear action for (9).
The crucial difference between (9) and (12) is that the
approximation near the origin supplies a valid local de-
scription of the evolved chord function, with no need to
incorporate large chords within a rash extrapolation. In
the case of an initial coherent state, Wα(x), not only the
relevant centres, x, lie within the Gaussian, but the initial
chords ξ in Fig. 1 are also constrained by the Gaussian
in (7). Thus, the choice of small final chords ξ′ guaran-
tees that the appropriate pair of trajectories will remain
near neighbours for all final centers x′ over which one
integrates in (12). In this way S(η′±, η±) ≈ 0 and the Ja-
cobian determinant in the integral can again be ignored.
Indeed, according to [15]
4 det
dx
dx′
= det
dξ
dξ′
ξ′→0−−−→ 1 , (13)
so that the SC chord function for an evolved coherent
state reduces to
χα(ξ
′, t)
ξ′→0−−−→∫
dp′ dq′
2pi~
exp
[
− i
~
x′ · Jξ′
]
Wα (x(x
′, t)) . (14)
The truncated chord approximation (TCA) is the SFT
of the classical evolution of the Wigner function. For
small chords it coincides with the full SC approximation
of the evolved chord function. It also coincides with the
SFT of the TWA, even though the present deduction
bypasses the TWA.
The TCA is our main theoretical result. In the remain-
der of this paper, the quantum information contained in
4this small region of the evolved chord function will be in-
vestigated numerically. One should avoid the temptation
to put too much substance onto the formal relation
χα(ξ
′, t)
ξ′→0−−−→ χα
(
ξ(ξ′,−t)) , (15)
in analogy with the TWA (11). It is not clear how to
make complete sense of the underlying classical back-
wards motion ξ(ξ′,−t), since small chords evolve as tan-
gent vectors for the individual trajectories in the nor-
mal phase space. It is only for large chords that a SC
approximation for the chord function determines corre-
sponding centers, x′(ξ′), and hence the backwards tra-
jectory, around which the tangent vector evolves linearly
[19]. Thus, it is more secure to consider the TWA as
scaffolding and then take its SFT to obtain the TCA.
If one reverses back to the TWA by taking the full
SFT of the TCA, it is clear that it flounders because
the evolved chord function is not concentrated on the
origin. The large chords in the SC chord function [12]
account for fine oscillations with wave vector ξ/~ in the
corresponding SC Wigner function [20], which are killed
by the TWA.
In a way, this also explains the failure of the TWA in
the deduction from the Gro¨newold-Moyal formula (see
e.g. [21]) for the Weyl-Wigner representation of the com-
mutator of the density operator, ρˆ = |ψ〉 〈ψ|, with the
Hamiltonian:
[
Hˆ, ρˆ
]
(x) =
i
pi~
sin
(
~
2
d
dx1
· J d
dx2
)
H(x1)
∣∣
x1=x
W (x2)
∣∣
x2=x
. (16)
Apparently, one obtains an attractive decreasing series
in powers of ~, so that the truncation at the first term
supplies the TWA. But this is rendered useless by typi-
cally oscillatory waves in a SC Wigner function [20], with
wavelengths of order ~, since the n-th derivative kills off
the coefficients ~n in the formal series. This construc-
tion of the TWA gives no inkling of the error incurred,
even though its failure can again be attributed to the
large chords in the classically evolving SC state. In con-
trast, the full SC Wigner function is given by (9) and the
evolving SC chord function is described by (12).
IV. KERR SYSTEM
The 4th-order Kerr Hamiltonian was shown in [13] to
be an excellent test for the SC approximation (9) for
the evolving Wigner function, far beyond the expected
Ehrenfest time. It is essentially the square of the Hamil-
tonian of a simple harmonic oscillator. With an appropri-
ate choice of units for position, momentum and energy,
the classical Kerr Hamiltonian can always be brought
into the form
H(p, q) =
(
p2 + q2
)2
. (17)
From Hamilton’s equations, H(p, q), one finds that
ω = 4
(
p2 + q2
)
, (18)
is conserved for each orbit, for which it plays the role of
an angular frequency in the analytic solution of the equa-
tions of motion. Since orbits with a larger radius have
higher angular velocities, the initial classical distribution
will both revolve around the origin and stretch into a
thin spiraling filament, as can be seen in the evolution of
a coherent state displayed in the left column of Fig. 2 for
four different times t, following [13].
Quantum mechanically, q and p in (17) become opera-
tors satisfying the commutation relation [qˆ, pˆ] = i (hence-
forth, we adopt ~ = 1). Introducing the number opera-
tor nˆ of the harmonic oscillator, we can express the Kerr
Hamiltonian as
Hˆ =
(
pˆ2 + qˆ2
)2
= (2nˆ+ 1)
2
, (19)
with its Fock eigenstates |n〉. The quantum evolution
is periodic with the revival time Trev = pi/4 for the set
of units chosen above, before which an initial state un-
dergoes kaleidoscopic partial revivals portrayed in Fig. 2.
The quantum evolution can be obtained exactly on a grid
of fractions of the revival time, which can be chosen to
be arbitrarily fine, as reviewed in [13].
The TWA of an initial Gaussian Wigner function for
a coherent state driven by the Kerr Hamiltonian is ob-
tained by solving the Liouville equation. This was re-
cently picked as an illustration of the non-positivity of
the TWA [6]. In Fig. 2 we reproduce the classical (left
column) and quantum (right column) exact Wigner func-
tions for the evolution of an initial coherent state at four
distinct times in [13]. We see that for t1 the classical
backbone is clearly visible in the quantum Wigner func-
tion, together with the typical interference patterns. It
was shown in [13] that the full SC approximation (9) was
able to reproduce the exact quantum patterns even for
the revivals far beyond the Ehrenfest time
TE =
2pi
ωc
, (20)
in which the initial distribution’s center, moving with an-
gular velocity ωc, has performed a full revolution around
the origin [22]. For t2, for instance, we have already
exceeded TE and the multiple interference masks the re-
lationship to the underlying classical structures. The fol-
lowing panels for t3 and t4 display fractional revival pat-
terns. Their time values of t3 = Trev/5 and t4 = Trev/2
by far surpass the Ehrenfest time: not only has the clas-
sical filament become quite thin, but the gap between
different windings has narrowed. Obviously it is hopeless
to obtain any quantum information for t3 and t4 from the
TWA, but its SFT will be shown to reproduce quantum
features for the first and the second times in this figure.
This Wigner picture of the Kerr evolution is here com-
plemented by its SFT, the chord picture presented in
Fig. 3 for the same evolution times as in Fig. 2. The
5Figure 2: The classical and quantum evolutions of the Wigner
function of a coherent state initially centered at the phase-
space point (q, p) = (4, 3) are displayed for four different
times, with the largest one exceeding 6TE , the Ehrenfest time
for this case being given by (20) as TE ≈ 0.063. The times
t3 = Trev/5 and t4 = Trev/2 correspond to fractional revivals,
where Trev is the full revival time. We have set ~ = 1.
first and third columns show the classical characteristic
function split into real and imaginary parts, that is, the
SFT of the TWA; whereas the second and fourth columns
exhibit the quantum chord function, i.e. the chord trans-
form (4) of the exact evolution of the same initial coher-
ent state. For very short times, t1 ≈ TE/5, quantum and
classical results for the chord function show similarities
in both real and imaginary parts. However, as time goes
on there is no resemblance between classical and quan-
tum results, except in the region near the origin, which is
focused in Fig. 4, so as to display the success of the TCA
in its domain of applicability. For Fig. 4, since the chord
function is complex, we have considered it to be written
as χ(ξ) = |χ(ξ)| exp [i arg(χ(ξ))], and therefore we have
compared the amplitude and the phase for the TCA and
its quantum counterpart.
Even though the revival as a Schro¨dinger cat occurs for
a time that lies beyond the applicability of the TCA, this
case highlights the complementarity of the Wigner and
the chord pictures. If this were a symmetric cat state
with equal phases for both coherent states, the chord
function would be a mere rescaling of the Wigner func-
tion and, hence, the imaginary part would be uniformly
zero. In contrast, Fig. 3 clearly displays that this is not a
symmetric cat state, albeit this fact would only be elicited
by a very careful investigation of Fig. 2.
V. QUANTUM BLIND SPOTS IN THE TCA
It is instructive to re-express the chord function (2)
and (4) in the form of an overlap of a pair of states:
2pi~χ(ξ) = 〈ψ| Tˆ−ξ |ψ〉 , (21)
where
Tˆξ =
∫
dq |q + ξq/2〉 〈q − ξq/2| eiξpq/~ (22)
is the Weyl operator corresponding to the uniform clas-
sical translation by the chord ξ. Thus, the correlation of
the state portrayed by the chord function with its image
translated by ξ is
C(ξ) = 2pi~
∫
dxW (x)W (x+ ξ) = (2pi~)2 |χ(ξ)|2 .
(23)
If one considers the Wigner function to be just a proba-
bility density (which is always possible for the TWA) the
integral above would merely represent the joint probabil-
ity to find the system in both the distribution W (x) and
its translation W (x + ξ). Obviously, for the TWA for
the Kerr evolution in Fig. 2, this will diminish smoothly
from C(0) = 1, becoming negligible only for a transla-
tion of the order of the classical spiral, that is |ξ| > 2 |α|,
i.e. twice the separation of the original coherent state
from the origin. In contrast, the exact chord function
displays blind spots, chords at which the chord function
cancels [11], so that according to (21) the translated state
Tˆ−ξ |α〉t becomes exactly orthogonal to |α〉t. The blind
spots near the origin are marked in Fig. 5 and perhaps
surprisingly they also show up in the corresponding TCA
which thus affords an approximate placement of these
purely quantum features.
6Figure 3: The classical and quantum evolutions of the chord function of a coherent state initially centered at the phase-space
point (q, p) = (4, 3) are displayed for the same four different times as in Fig. 2.
The special ingredient of the present investigation of
blind spots is that they come in a continuous family, pa-
rameterized by time of the evolution. In terms of the
initial state they concern the zeroes of
L(ξ, t) = 〈α| Uˆ−t Uˆ ′t(ξ) |α〉 , (24)
where Uˆt is the evolution operator in (8) and its slight
variation is Uˆ ′t(ξ) = Tˆξ Uˆt. For each value of the two di-
mensional continuous parameter ξ, this is just the quan-
tum Loschmidt echo, i.e. the evolving fidelity for a pair
of evolutions. It was proposed by Peres [23] as a measure
of quantum chaos and its relation to the classical Lya-
7Figure 4: The classical and quantum evolutions of the chord
function of a coherent state initially centered at the phase-
space point (q, p) = (4, 3) for the same four times as in Fig. 3.
Here, we have set ξp = 0, and we focus on the region near the
origin along ξq. Since the chord function is complex, in the
left panel we show the amplitude of the quantum (solid black
line) and the classical (crossed red markers) chord functions,
while in the right panel the argument of classical and quantum
chord functions for the same times are showed. We have set
~ = 1.
punov exponent for chaotic systems was first verified in
[24] (reviewed in [25]).
Even though our computations do not deal with a
chaotic state, it is shown in [12] that blind spots are a
generic feature of pure states. Hence, they are present
in states resulting from general evolutions. It follows
that, at least for variations obtained from translations,
the choice of the parameter ξ is of crucial importance,
since one obtains an exact zero of the fidelity, instead of
a smooth decay. The latter emerges only through some
kind of averaging of the displacement of the initial state.
VI. EXPECTATIONS OF OBSERVABLES
The Weyl representation for a common mechanical ob-
servable Oˆ, i.e.
O(x) =
∫
dq˜
〈
q + q˜
∣∣ Oˆ ∣∣q − q˜〉 e−2ipq˜/~ , (25)
is just the corresponding classical phase space function,
or very close to it. In contrast, the division by ~ in the
exponent for its SFT, just as in (2), pushes its chord
representation
O˜(ξ) =
∫
dx
2pi~
exp
[
− i
~
x · Jξ
]
O(x) , (26)
Figure 5: Nodal lines and blind spots for two different times,
t1 = 0.013 and t2 = 0.071. Blue dotted lines correspond to
nodal lines for the real part of the chord function, while red
dashed line indicates the nodals for the imaginary part of the
chord function. In (a) and (d), we indicate the blind spots
(black dots) for the exact quantum chord function for t1 and
t2, respectively. In (b) and (e), for t1 and t2 respectively, the
blind spots (gray triangles) for the TCA are shown. Panels (c)
and (f) show simultaneously the blind spots obtained for the
exact and approximated chord function for t1 and t2; here we
have marked the blind spots nearest the origin with a green
cross.
within a classically small neighborhood of the chord ori-
gin. Thus, in spite of the similar integrals for the expec-
tation of an observable in both these representations,
〈
Oˆ
〉
=
∫
dxO(x)W (x, t) =
∫
dξ O˜(ξ)χ(−ξ, t) , (27)
they provide complementary pictures: while the Wigner
function evaluates the expectations as if it were a classi-
cal average (Wigner’s original motivation), it is only the
central part of the chord function that matters in the al-
ternative calculation. Extreme examples are provided by
8Figure 6: Comparison of the moments for pˆ and qˆ for the
initial coherent state |α〉, with α = (4 + 3i) /√2, under the
dynamics ruled by the Kerr Hamiltonian. Solid black lines
corresponds to exact quantum calculation, while red points
are those calculated via the TWA. Vertical gray dashed lines
indicate the Ehrenfest time TE for the system.
the exact expressions for moments:
〈qˆn〉 = 2pi~ (i~)n d
nχ
dξnp
∣∣∣∣∣
ξ=0
, (28)
〈pˆn〉 = 2pi~ (−i~)n d
nχ
dξnq
∣∣∣∣∣
ξ=0
. (29)
Thus, the outlying regions of the chord function play
no role in these expected values, so that the time evo-
lution of expectations such as 〈pˆn〉t calculated from (27)
with the approximated chord function χ(ξ′, t) given by
the TCA (15), should give reasonable estimates. But if
the second integral in (27) is reliable, then the exact SFT
of both factors within this integral, inserted into the first
integral, will give the same result. Therefore, the TWA
W (x(x′,−t)) also provides a good estimate of the ex-
pectation, which accounts somewhat for its paradoxical
popularity.
Figure 6 compares the moments calculated through the
TWA in (27) with the exact quantum moments. It de-
picts up to the 3rd-order moments for pˆ and qˆ; from there
we observe the agreement between the two calculations
up to the Ehrenfest time TE . For longer times the classi-
cal approximation does not recover the quantum behav-
ior.
VII. LOCAL CORRELATIONS
Local correlations of the wave function were shown by
Berry to exhibit quantum features even in an apparently
pure classical approximation, in the context of integrable
and ergodic wave functions [8]. Originally, a sharp win-
dow of width ∆ limited the classically small region over
which the correlation is evaluated, but a Gaussian win-
dow will also do as in [14], so that the local correlation
Figure 7: Local correlations of the wave function computed
using the TCA (red dots) and the exact quantum chord func-
tion (solid black line) of a coherent state, initially centered
at the phase space point (q, p) = (4, 3), evolving under the
action of the Kerr Hamiltonian. The left panel shows the real
part of the correlation, while the right panel shows the imag-
inary part. The comparison is made for three different times.
We have set ∆ = 1, Q = 2 and ~ = 1.
is
C∆(ξq, Q) ≡ 1
ν∆(Q)
∫
dq√
2pi∆
e−(q − Q)
2/2∆2
〈q + ξq/2| ψ〉 〈ψ| q − ξq/2〉 , (30)
where ν∆(Q) is the normalization factor such that
C∆(0, Q) = 1.
Still following [14], the local wave function correlation
can be re-expressed as an integral over the chord function,
C∆(ξq, Q) =
1
ν∆(Q)
∫
dξp χ(ξ) e
i
~ ξpQ e−
∆2
2~2 ξ
2
p , (31)
with the normalization evaluated as
ν∆(Q) =
∫
dξp χ(ξp, 0) e
i
~ ξpQ e−
∆2
2~2 ξ
2
p . (32)
But if we choose ∆ ≈ ~1/2, then ξq is small, because of
the Gaussian in (30), while ξp is likewise limited by the
Gaussian in (31). Therefore, the local wave function cor-
relations are basically determined by the chords within
a circle of are ~. Hence, it is legitimate to approximate
the time evolution of these correlations with the TCA in
(31). The comparison of this approximation with the ex-
act correlation for the Kerr evolution of a coherent state
is made in Fig. 7.
VIII. CONCLUSIONS
The general principle by which the central region of
the chord function encodes all the information about the
classical Liouville distribution corresponding to a quan-
tum state was previously supported by computations on
9the eigenstates of a system for a chaotic Hamiltonian
[13]. Here we go a step further by supplying a direct
deduction of the validity of the classical truncated chord
approximation (TCA) near the origin from semiclassical
formulae [15]. Indeed, the latter has been shown to repro-
duce detailed interference patterns in the exact Wigner
function [14]. The TCA is here computationally verified
to reproduce distinctive quantum features of a coherent
state evolved by the quartic Kerr Hamiltonian.
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